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BIHARMONIC SUBMANIFOLDS OF PSEUDO-RIEMANNIAN
MANIFOLDS
YUXIN DONG∗ AND YE-LIN OU∗∗
Abstract
In this paper, we derived biharmonic equations for pseudo-Riemannian
submanifolds of pseudo-Riemannian manifolds which includes the
biharmonic equations for submanifolds of Riemannian manifolds as
a special case. As applications, we proved that a pseudo-umbilical
biharmonic pseudo-Riemannian submanifold of a pseudo-Riemannian
manifold has constant mean curvature, we completed the classifi-
cations of biharmonic pseudo-Riemannian hypersurfaces with at
most two distinct principal curvatures, which were used to give
four construction methods to produce proper biharmonic pseudo-
Riemannian submanifolds from minimal submanifolds. We also
made some comparison study between biharmonic hypersurfaces
of Riemannian space forms and the space-like biharmonic hyper-
surfaces of pseudo-Riemannian space forms.
1. Biharmonic maps between pseudo-Riemannian manifolds
All manifolds, maps, tensor fields are assumed to be smooth in this paper.
1.1 Some basic concepts and notations from pseudo-Riemannian
geometry
Let (Mmt , g) be a pseudo-Riemannian (or semi-Riemannian) manifold of dimen-
sion m with a nondegenerate metric with index t. Here, nondegeneracy means
the only vector X ∈ TxM satisfying gx(X, Y ) = 0 for all Y ∈ TxM and all x ∈ M
is X = 0. We use |X| = |g(X,X)|1/2 to denote the norm of a vector X and
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call a vector a unit vector if its norm is 1. A set of m orthogonal unit vectors
is called an orthonormal basis of (Mmt , g) at a point. A local orthonormal frame
of (Mmt , g) is a set of m local vector fields {ei} such that g(ei, ej) = ǫiδij with
ǫ1 = · · · = ǫt = −1, ǫt+1 = · · · = ǫm = 1.
For a local orthonormal frame {ei} on a neighborhood U of (Mmt , g), we have
X =
m∑
i=1
ǫig(X, ei)ei, for any X ∈ X(U),(1)
gradf =
m∑
i=1
ǫi(df(ei))ei =
m∑
i=1
ǫi(eif)ei(2)
divX =
m∑
i=1
ǫig(∇eiX, ei)(3)
∆f =
m∑
i=1
ǫi[ei(eif)− (∇eiei)f ](4)
The trace of a bilinear form b is given by : Tracegb =
m∑
i=1
ǫib(ei, ei).(5)
In this paper, we will use the following notations and conventions.
• An n-dimensional pseudo-Euclidean space with index s is denoted by
R
n
s = (R
n, 〈, 〉) with 〈x, y〉 = −∑si=1 xiyi +∑nk>s xkyk.
• An n-dimensional pseudo-Riemannian sphere, denoted by Sns (r), is defined
to be Sns (r) = {x ∈ Rn+1s : 〈x, x〉 = r2}, which, with the induced metric
from Rn+1s , is a complete pseudo-Riemannian manifold with index s and
of constant sectional curvature 1
r2
.
• An n-dimensional pseudo-hyperbolic space, denoted by Hns (r), is defined
to be Hns (r) = {x ∈ Rn+1s+1 : 〈x, x〉 = −r2}, which, with the induced metric
from Rn+1s+1 , is a complete pseudo-Riemannian manifold with index s and
of constant sectional curvature − 1
r2
.
• A pseudo-Riemannian space form refers to one on the three spaces:
R
n
s , S
n
s (r), H
n
s (r).
• Sometimes, for the convenience of a unified treatment, we also use Nns (C)
to denote a pseudo-Riemannian space form of sectional curvature C, so
Nns (C) can be represented as one of the following model spaces:
(6) Nns (C) =


R
n
s , for C = 0,
Sns (1/
√
C), for C > 0, or
Hns (1/
√−C), for C < 0.
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Pseudo-Riemannian space forms have important applications in the theory of
general relativity as it is well known that the pseudo-Riemannian space forms
R
n
1 , S
n
1 (r), H
n
1 (r) are model spaces for Minkowski, de Sitter, and Anti-de Sitter
space-times respectively.
1.2 Harmonic and biharmonic maps between Riemannian manifolds
A map between Riemannian manifolds ϕ : (Mm, g) −→ (Nn, h) is harmonic if
its tension field
(7) τ(ϕ) = Traceg∇dϕ =
m∑
i=1
[∇φe1 dφ(ei)− dφ(∇Mei ei)]
vanishes identically.
A biharmonic map between Riemannian manifolds is a map ϕ : (M, g) −→
(N, h) which is a critical point of the bienergy functional
E2 (ϕ,Ω) =
1
2
∫
Ω
|τ(ϕ)|2 dx
for every compact subset Ω of M . Using the first variational formula ( [15]) one
sees that ϕ is biharmonic if and only if its bitension field vanishes identically, i.e.,
(8) τ2(ϕ) := −△ϕ(τ(ϕ))− TracegRN(dϕ, τ(ϕ))dϕ = 0,
where
△ϕ = −Traceg(∇ϕ)2 = −Traceg(∇ϕ∇ϕ −∇ϕ∇M )
is the Laplacian on sections of the pull-back bundle ϕ−1TN and RN is the Rie-
mann curvature operator of (N, h) defined by
RN(X, Y )Z = [∇NX ,∇NY ]Z −∇N[X,Y ]Z.
A submanifold of a Riemannian manifold is called a biharmonic submanifold if
the isometric immersion that defines the submanifold is a biharmonic map.
By definition, a harmonic map is always a biharmonic map. This, together
with the well-known fact that a submanifold is minimal if and only if the isomet-
ric immersion that defines the submanifold is harmonic, implies that a minimal
submanifold is always a biharmonic submanifold. So, it is a custom to call a
biharmonic map, which is not harmonic, a proper biharmonic map, and proper
biharmonic submanifolds are reserved for those biharmonic submanifolds, which
are not minimal.
1.3 Harmonic and biharmonic maps between pseudo-Riemannian
manifolds
The generalization of the concepts of harmonic and biharmonic maps between
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Riemannian manifolds to the case of pseudo-Riemannian manifolds is straightfor-
ward.
A map φ : (Mmt , g) −→ (Nns , h) between pseudo-Riemannian manifolds is a
harmonic map if its tension field vanishes identically, i.e.,
τ(φ) = Traceg∇dφ =
m∑
i=1
ǫi[∇φe1 dφ(ei)− dφ(∇Mei ei)] ≡ 0,(9)
where {ei| i = 1, 2, · · ·m} is a local orthonormal frame of Mmt with
〈ei, ek〉 = ǫiδik, ǫ1 = · · · = ǫt = −1, ǫt+1 = · · · = ǫm = 1.
Similarly, we have
Definition 1.1. A map φ : (Mmt , g) −→ (Nns , h) between pseudo-Riemannian
manifolds is a biharmonic map if its bi-tension field vanishes identically, i.e.,
τ2(φ) =
m∑
i=1
ǫi
(
(∇φei∇φei −∇φ∇Mei ei)τ(φ)− R
N(dφ(ei), τ(φ))dφ(ei)
)
≡ 0,(10)
where {ei| i = 1, 2, · · ·m} is a local orthonormal frame of Mmt with
〈ei, ek〉 = ǫiδik, ǫ1 = · · · = ǫt = −1, ǫt+1 = · · · = ǫm = 1.
Remark 1. Note that the only difference of the tension (and the bitension) fields
between the Riemannian and the pseudo-Riemannian cases lies in the definition
of the trace of a bilinear form in these two different cases.
Definition 1.2. A pseudo-Riemannian submanifoldMmt of a pseudo-Riemannian
manifold (Nns , h) is said to be biharmonic if the isometric immersion M
m
t −→
(Nns , h) is a biharmonic map. Proper biharmonic maps and proper biharmonic
submanifolds in the pseudo-Riemannian case are similarly defined as in the Rie-
mannian case.
1.4 Some recent work on biharmonic pseudo-Riemannian submani-
folds
The study of biharmonic submanifolds was initiated in the middle of 1980s
by B. Y. Chen [6] in his program to understand finite types submanifolds, and
independently by G. Y. Jiang [14], [15], [16] in his effort to study the geome-
try of k-polyharmonic maps proposed by Eells and Lemaire in [12]. Since 2001,
biharmonic submanifolds of Riemannian space forms have been vigorously stud-
ied by many geometers around the world with the main focus to classify and/or
characterize biharmonic submanifolds in a Riemannian space form. We refer the
readers to the recent survey [21] of the second named author of the paper for some
history, fundamental problems, current results and open problems with updated
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references about the submanifolds of the Riemannian space forms.
Comparatively, not much study on biharmonic submanifolds in pseudo-Riemannian
manifolds has been made except a few works on some classifications of biharmonic
submanifolds which can be summarized as follows.
Chen-Ishikawa [9] studied biharmonic pseudo-Riemannian submanifolds in pseudo-
Euclidean space R4s for s = 1, 2, 3. They classified all space-like biharmonic
curves and proved that any pseudo-Riemannian biharmonic surface in Minkowski
space R31 is minimal, i.e., H = 0. They also obtained some classification re-
sults on pseudo-Riemannian biharmonic surfaces x : M21 −→ R4s with s = 1, 2, 3
under the assumption of nonzero constant mean curvature or mean curvature
vector being light-like. Ouyang [22] studied space-like biharmonic submanifolds
of pseudo-Riemannian space forms. Among other things, he derived the equa-
tions, in local coordinates, for space-like biharmonic submanifolds in a pseudo-
Riemannian manifold, and applied it to study space-like biharmonic submanifolds
of pseudo-Riemannian space forms with parallel mean curvature vector fields. He
also proved that a space-like biharmonic hypersurface with constant mean cur-
vature in Rn1 , S
n
1 (C) has to be minimal, i.e., H = 0, and that a space-like bi-
harmonic hypersurface with constant mean curvature and |A|2 6= n
C2
in Hn1 (C)
has to be minimal, i.e., H = 0. Defever-Kaimakamis-Papantoniou [10] proved
that any biharmonic pseudo-Riemannian hypersurface in 4-dimensional pseudo-
Euclidean space with diagonalizable second fundamental form has to be mini-
mal. Later in 2008, Chen [7] obtained a complete classification of biharmonic
Lorentzian flat surfaces in pseudo-Euclidean space R42. Zhang in [24] shown
that the only space-like proper biharmonic surface in a 3-dimensional pseudo-
Riemannian space form N31 (C) is (a part) of H
2( 1√
2
); He also proved that both
Hn( 1√
2
) and Hp( 1√
2
)×Hq( 1√
2
) with p 6= q, p+ q = n are space-like proper bihar-
monic hypersurfaces in the Anti-de Sitter space Hn+11 (1). Sasahara in [23] stud-
ied pseudo-Riemannian submanifolds in 3-dimensional Lorentzian space forms
of nonzero constant curvature N31 (C), C 6= 0. He gave complete classifica-
tions of proper biharmonic curves γ : I −→ S31(1) and γ : I −→ H31 (1). He
also proved that a pseudo-Riemannian Surface x : M2t −→ N31 is proper bihar-
monic if and only if it is a part of the following: S21(
1√
2
) ⊆ S31(1), a B-scroll
over a curve and of KM = 2 in S
3
1(1), or H
2( 1√
2
) ⊆ H31 (1). Fu [13] classi-
fied proper biharmonic pseudo-Riemannian submanifold x : Mm −→ Rns (n ≥
4, s ≥ 1) with parallel mean curvature vector field H and diagonalizable AH
to be marginally trapped. Most recently, Liu-Du [17] classified proper bihar-
monic pseudo-Riemannian hypersurfaces with at most two distinct principal cur-
vatures in a pseudo-Riemannian Riemannian space form. Finally, Liu-Du-Zhang
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in [18] gave a classification of space-like biharmonic submanifolds of a pseudo-
Riemannian space form, which are pseudo-umbilical or have parallel mean curva-
ture vector fields.
In this paper, we derived biharmonic equations for pseudo-Riemannian sub-
manifolds of pseudo-Riemannian manifolds (Theorem 2.1) which includes the
biharmonic equations for submanifolds of Riemannian manifolds obtained in
[2] and biharmonic equations for pseudo-Riemannian submanifolds of pseudo-
Riemannian space forms stated in [17] as special cases. As applications, we
proved that a pseudo-umbilical biharmonic pseudo-Riemannian submanifold of
a pseudo-Riemannian manifold has constant mean curvature (Theorem 3.1) gen-
eralizing the corresponding results of the Riemannian cases obtained in [11], [4]
and [2], we gave a complete classification of biharmonic pseudo-Riemannian hy-
persurfaces of pseudo-Riemannian space forms with at most two distinct principal
curvatures (Theorem 3.2 and Corollary 3.3) , which improve the classifications
given in [17] and include the classification obtained by Balmus-Montaldo-Oniciuc
in [1] as special cases. The complete classifications (Corollary 3.3) were used to
give four construction methods to produce proper biharmonic pseudo-Riemannian
submanifolds from minimal submanifolds (Theorems 3.4, 3.5 and 3.6). We also
made some comparison study between biharmonic hypersurfaces of Riemannian
space forms and the space-like biharmonic hypersurfaces of pseudo-Riemannian
space forms.
2. Biharmonic pseudo-Riemannian submanifolds of
pseudo-Riemannian manifolds
Theorem 2.1. A pseudo-Riemannian submanifold φ : (Mmt , g) →֒ (Nns , h) of
a pseudo-Riemannian manifold is biharmonic if and only if its mean curvature
vector field H, the second fundamental form B and the Weingarten operator AH
solve the following system of PDEs
(11)
{
∆⊥H + TraceB(AH(·), ·) + [Trace RN(dφ(·), H)dφ(·)]⊥ = 0,
TraceA∇⊥
(·)
H (·) + m4 grad 〈H,H〉+ [TraceRN(dφ(·), H)dφ(·)]⊤ = 0,
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where
∆⊥H = −
m∑
i=1
ǫi(∇⊥e1∇⊥e1 −∇⊥∇Mei e1)H,(12)
TraceB(AH(·), ·) =
m∑
i=1
ǫiB(AH(ei), ei),(13)
TraceA∇⊥
(·)
H (·) =
m∑
i=1
ǫiA∇⊥eiH (ei)(14)
for a local orthonormal frame {ei| i = 1, 2, · · ·m} of Mmt with 〈ei, ek〉 = ǫiδik and
ǫ1 = · · · = ǫt = −1, ǫt+1 = · · · = ǫm = 1.
Proof. It is well known that the tension field of the isometric immersion φ :
(Mmt , g) →֒ (Nns , h) is given by τ(φ) = mH , where H is the mean curva-
ture vector of the pseudo-Riemannian submanifold. It follows that the pseudo-
Riemannian submanifold is biharmonic if and only if
(15)
m∑
i=1
ǫi {(∇Nei∇Nei −∇N∇Mei ei)H −R
N (dφ(ei), H)dφ(ei)} = 0.
A straightforward computation using Formulas of Gauss and Weingarten for
submanifolds yields
m∑
i=1
∇Nei∇Nei H =
m∑
i=1
∇Nei [−AH(ei) +∇⊥eiH ]
=
m∑
i=1
∇Nei [−AH(ei) +∇⊥eiH ]
=
m∑
i=1
[−∇Mei AH(ei)−B(AH(ei), ei)− A∇⊥eiHei +∇
⊥
ei
∇⊥eiH ],(16)
m∑
i=1
∇N∇Mei ei H = −
m∑
i=1
AH(∇Mei ei) +
m∑
i=1
∇⊥∇Mei eiH.(17)
Recall that
(∇XAH)(Y ) = ∇X(AH(Y ))− AH(∇XY ),(18)
(∇NXB)(Y, Z) = ∇⊥XB(Y, Z)− B(∇XY, Z)− B(Y,∇XZ),(19)
and we have the Codazzi-Mainardi equation
(20) (∇NXB)(Y, Z) = (∇NY B)(X,Z) + (RN(X, Y )Z)⊥
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for a submanifold.
Now we compute
〈(∇NXB)(Y, Z), H〉
= 〈∇⊥XB(Y, Z), H〉 − 〈B(∇XY, Z), H〉 − 〈B(Y,∇XZ), H〉
= X〈B(Y, Z), H〉 − 〈B(Y, Z),∇⊥XH〉 − 〈B(∇XY, Z), H〉 − 〈B(Y,∇XZ), H〉
= X〈AH(Y ), Z〉 − 〈A∇⊥
X
HY, Z〉 − 〈AH(∇XY ), Z〉 − 〈AH(Y ),∇XZ〉
= 〈∇X(AH(Y )), Z〉 − 〈A∇⊥
X
HY, Z〉 − 〈AH(∇XY ), Z〉
= 〈(∇XAH)(Y ), Z〉 − 〈A∇⊥
X
HY, Z〉.
Using this, we have
〈(∇Mei AH)(ei), ej〉 = 〈(∇NeiB)(ei, ej), H〉+ 〈A∇⊥eiHei, ej〉
= 〈(∇NejB)(ei, ei) + (RN(ei, ej)ei)⊥, H〉+ 〈A∇⊥eiHei, ej〉
= 〈∇⊥ejB(ei, ei)− 2B(ei,∇Mej ei), H〉+ 〈RN(dφ(ei), H)dφ(ei), ej〉
+〈A∇⊥eiHei, ej〉.(21)
By choosing a local orthonormal frame with the property that at a point x ∈Mmt
we have ∇Mej ei = 0 for all i, j = 1, 2, · · · , m, then we have
m∑
i=1
〈(∇Mei AH)(ei), ej〉x = m〈∇⊥ejH,H〉x +
m∑
i=1
{〈RN(dφ(ei), H)dφ(ei), ej〉+ 〈A∇⊥eiHei, ej〉}x
=
(
m
2
ej〈H,H〉+
m∑
i=1
{〈RN(dφ(ei), H)dφ(ei), ej〉+ 〈A∇⊥eiHei, ej〉}
)
x
.(22)
As this is true for any point x ∈Mmt we obtain
m∑
i=1
〈(∇Mei AH)(ei), ej〉 =
m
2
ej〈H,H〉+
m∑
i=1
〈RN(dφ(ei), H)dφ(ei), ej〉+
m∑
i=1
〈A∇⊥eiHei, ej〉.
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It follows that
m∑
i=1
ǫi(∇Mei AH)(ei) =
m∑
j=1
ǫj〈
m∑
i=1
〈ǫi(∇Mei AH)(ei), ej〉 ej
=
m
2
m∑
j=1
ǫjej(〈H,H〉)ej +
m∑
i,j=1
ǫjǫi〈A∇⊥eiHei, ej〉ej
+
m∑
i,j=1
ǫjǫi〈RN(dφ(ei), H)dφ(ei), ej〉ej
=
m
2
grad〈H,H〉+
m∑
i=1
ǫiA∇⊥eiHei + [TraceR
N(dφ(·), H)dφ(·)]⊤.(23)
Note that the Riemann curvature decomposes into its normal and the tangential
parts,
m∑
i=1
ǫiR
N(dφ(ei), H)dφ(ei) =
[TraceRN(dφ(·), H)dφ]⊥ + [Trace RN(dφ(·), H)dφ]⊤.(24)
Substituting (16), (17), (23), and (24) into the second equation of (15) and
comparing the normal and the tangential components we obtain the theorem. 
Remark 2. One can check that the biharmonic equation for pseudo-Riemannian
submanifolds of pseudo-Riemannian space forms given in Theorem 2.1 generalizes
the biharmonic equation for Riemannian submanifolds of Riemannian manifolds
obtained by Chen [6], [7], [8], [9], Caddeo-Montaldo-Oniciuc [4] and Balmus-
Montaldo-Oniciuc [2], it also includes the biharmonic equation for pseudo-Riemannian
submanifolds of pseudo-Euclidean spaces studied by Chen in [6], [7], [8], [9],
the biharmonic equation for space-like submanifolds of pseudo-Riemannian space
form obtained by Ouyang in [22], and the biharmonic equations for pseudo-
Riemannian submanifolds of a pseudo-Riemannian space form stated in [17] as
special cases.
As an immediate consequence, we have the following corollary, which was stated
in [17] without a proof.
Corollary 2.2. A pseudo-Riemannian submanifold φ : (Mmt , g) →֒ (Nns (C), h)
of a pseudo-Riemannian space form of sectional curvature C is biharmonic if and
only if its mean curvature vector field H, the second fundamental form B and the
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Weingarten operator AH solve the following system of PDEs
(25)
{
∆⊥H + TraceB(AH(·), ·)−mC H = 0,
TraceA∇⊥
(·)
H (·) + m4 grad 〈H,H〉 = 0.
Proof. Note that when the ambient space is a pseudo-Riemannian space form of
constant sectional curvature C, we have
m∑
i=1
ǫiR
N(dφ(ei), H)dφ(ei) = −
m∑
i=1
ǫi C〈φ(ei), φ(ei)〉H(26)
= −C
m∑
i=1
ǫ2i = −mCH.(27)
This, together with Theorem 2.1, gives the corollary. 
For the case of codimension one, we have the following corollary, which gives the
biharmonic equation of a generic pseudo-Riemannian hypersurfaces of a generic
pseudo-Riemannian manifold generalizing the biharmonic hypersurface equation
in a generic Riemannian manifold obtained in [20].
Corollary 2.3. Let φ : (Mmt , g) −→ (Nm+1s , h) be a pseudo-Riemannian hypersurface
in a pseudo-Riemannian manifold with mean curvature vector field H = fξ, where
ξ is a unit normal vector field with 〈ξ, ξ〉 = ǫm+1 = ±1 . Then φ is biharmonic if
and only if
(28)
{
∆f − ǫm+1f(|Aξ|2 − RicN(ξ, ξ)) = 0,
Aξ (grad f) + ǫm+1
m
2
fgrad f − f (RicN (ξ))⊤ = 0,
where RicN : TxM −→ TxM denotes the Ricci operator of the ambient space
defined by 〈Ric (Z),W 〉 = RicN(Z,W ).
Proof. Note that for a pseudo-Riemannian hypersurface φ : (Mmt , g) −→ (Nm+1s , h)
with mean curvature vector H = fξ, we have
∆⊥H = −(∆f)ξ,(29)
TraceB(AH(·), ·) =
m∑
i=1
ǫiB(AH(ei), ei) = ǫm+1f |Aξ|2ξ,(30)
(TraceRN(dφ(·), H)dφ)⊥ = −[ǫm+1f RicN(ξ, ξ)]ξ(31)
(TraceRN(dφ(·), H)dφ)⊤ = −f(RicN (ξ))⊤(32)
TraceA∇⊥
(·)
H (·) =
m∑
i=1
ǫiA∇⊥eiH (ei) = Aξ(gradf).(33)
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Substituting (29), (30), (31), (32), and (33) into biharmonic pseudo-Riemannian submanifold
equation (11) we obtain the corollary. 
When the ambient space is a pseudo-Riemannian space form, Corollary 2.3
reduces to the following corollary, which was obtained in [17].
Corollary 2.4. A pseudo-Riemannian hypersurface φ : (Mmt , g) −→ (Nm+1s (C), h)
of a pseudo-Riemannian space form with mean curvature vector H = fξ, where
ξ is a unit normal vector field with 〈ξ, ξ〉 = ǫm+1 = ±1, is biharmonic if and only
if
(34)
{
∆f − f(ǫm+1 |Aξ|2 − cm) = 0,
Aξ (grad f) + ǫm+1
m
2
fgrad f = 0.
3. Some classifications and constructions of biharmonic
pseudo-Riemannian submanifolds
In this section, we will first prove that a pseudo-umbilical biharmonic pseudo-
Riemannian submanifold of a pseudo-Riemannian manifold has constant mean
curvature. We then give a complete classification of biharmonic pseudo-Riemannian
hypersurfaces of pseudo-Riemannian space forms with at most two distinct prin-
cipal curvatures, and finally we use the classifications to give four methods to
construct proper biharmonic pseudo-Riemannian submanifolds using precompo-
sitions of minimal submanifolds.
Recall that pseudo-Riemannian submanifold φ : Mmt →֒ Nns is said to be
pseudo-umbilical if its shape operator AH with respect to the mean curvature
vector field H is given by
(35) AH = 〈H,H〉I.
Similar to the definition of a biconservative hypersurface defined in [19], we
define a biconservative submanifold to be a submanifold whose tangential com-
ponent of the bitension field vanishes identically. It is clear from the definition
that any biharmonic submanifold is biconservative.
Now we are ready to prove the following theorem which generalizes the corre-
sponding results in the Riemannian case given in [2].
Theorem 3.1. Anm-dimensional (m 6= 4) pseudo-umbilical pseudo-Riemannian
submanifold φ : Mmt →֒ Nns is biconservative if and only if it has constant mean
curvature. In particular, If an m-dimensional (m 6= 4) pseudo-umbilical pseudo-
Riemannian submanifold φ : Mmt →֒ Nns is biharmonic, then it has constant mean
curvature.
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Proof. Using (23) we have
m∑
i=1
ǫiA∇⊥eiHei + [Trace R
N(dφ(·), H)dφ(·)]⊤ =
m∑
i=1
ǫi(∇Mei AH)(ei)−
m
2
grad〈H,H〉
=
m∑
i=1
ǫi(∇Mei (AH(ei))−
m
2
grad〈H,H〉
= (1− m
2
)grad〈H,H〉,(36)
where in obtaining the second equality we have used, as in [4], the normal coor-
dinates at a point and assuming {ei} are the corresponding vector fields, whilst
in obtaining the third equality we have used pseudo-umbilical condition (35).
Substituting (36) into the second equation of the biharmonic submanifold equa-
tion (11) we have
(37) (4−m)grad〈H,H〉 = 0,
from which we conclude that grad〈H,H〉 = 0 for m 6= 4. Thus, we obtain the
theorem. 
Now we give a complete classification of pseudo-Riemannian hypersurfaces with
at most two distinct principal curvatures in a pseudo-Riemannian space form,
which improves the classifications given in [17].
Theorem 3.2. A proper biharmonic pseudo-Riemannian hypersurface Mnt −→
Nn+1s (C) with diagonalizable shape operator that has at most two distinct principal
curvatures is a part of the following
(i) Sns (
1√
2C
) ⊆ Sn+1s ( 1√C ) or S
p
t (
1√
2C
) × Sn−ps−t ( 1√2C ) ⊆ Sn+1s ( 1√C ) with C >
0, n 6= 2p and
(ii) Hns−1(
1√−2C ) ⊆ Hn+1s ( 1√−C ) or H
p
t−1(
1√−2C ) × H
n−p
s−t (
1√−2C ) ⊆ Hn+1s ( 1√−C )
with C < 0, n 6= 2p.
Proof. By the classification of Liu-Du [17], we know that a nondegenerate proper
biharmonic hypersurface Mnt −→ Nn+1s (C) with diagonalizable shape operator
that has at most two distinct principal curvatures is a part of one of the following
hypersurfaces:
(i) Sns (
1√
2C
) ⊆ Sn+1s ( 1√C ) or S
p
t (
1√
C1
)× Sn−ps−t ( 1√C2 ) ⊆ Sn+1s (
1√
C
)
with C > 0, n 6= 2p and C1, C2 satisfying 1C1 + 1C2 = 1C , p2C1+(n−p)2C2 6=
n2C, and pC1 + (n− p)C2 = 2nC,
(i) Hns−1(
1√−2C ) ⊆ Hn+1s ( 1√−C ) or H
p
t−1(
1√−C1 )×H
n−p
s−t (
1√−C2 ) ⊆ Hn+1s (
1√−C )
with C < 0, n 6= 2p and C1, C2 < 0 satisfying 1C1 + 1C2 = 1C , p2C1 + (n −
p)2C2 6= n2C, and pC1 + (n− p)C2 = 2nC.
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Solving the equations 

1
C1
+ 1
C2
= 1
C
,
p2C1 + (n− p)2C2 6= n2C,
pC1 + (n− p)C2 = 2nC
(38)
for C1 and C2 we have the unique solution C1 = C2 = 2C. Thus, we obtain the
theorem. 
As an immediate consequence, we have
Corollary 3.3. A proper biharmonic pseudo-Riemannian hypersurface Mnt −→
Nn+1s (1) with diagonalizable shape operator that has at most two distinct principal
curvatures is a part of one of the following hypersurfaces:
(i) Sns (
1√
2
) ⊆ Sn+1s (1) or Spt ( 1√2)× S
n−p
s−t (
1√
2
) ⊆ Sn+1s (1) with n 6= 2p and
(ii) Hns−1(
1√
2
) ⊆ Hn+1s (1) or Hpt−1( 1√2)×H
n−p
s−t (
1√
2
) ⊆ Hn+1s (1) with n 6= 2p.
Example 1. Proper biharmonic hypersurfaces of N4s (C) having diagonalizable
shape operator with at most two principal curvatures can be listed as follows:
I. Riemannian Cases:
(i) R4, H4(1): None,
(ii) S4(1): S3( 1√
2
), or S1( 1√
2
)× S2( 1√
2
) .
II. Pseudo-Riemannian Cases of index 1:
(i) R41: None,
(ii) S41(1): S
3
1(
1√
2
), S1( 1√
2
)× S21( 1√2), or S11( 1√2)× S2( 1√2) .
(iii) H41 (1): H
3( 1√
2
), H1( 1√
2
)×H2( 1√
2
), or H1( 1√
2
)×H2( 1√
2
) .
III. Pseudo-Riemannian Cases of index 2:
(i) R42: None,
(ii) S42(1): S
3
2(
1√
2
), S11(
1√
2
)× S21( 1√2), or S11( 1√2)× S21( 1√2) .
(iii) H42 (1): H
3
1 (
1√
2
), H1( 1√
2
)×H21 ( 1√2), or H11 ( 1√2)×H2( 1√2) .
IV. Pseudo-Riemannian Cases of index 3:
(i) R43: None,
(ii) S43(1): S
3
3(
1√
2
), S11(
1√
2
)× S22( 1√2).
(iii) H43 (1): H
3
2 (
1√
2
), H1( 1√
2
)×H22 ( 1√2), or H11 ( 1√2)×H21 ( 1√2) .
The complete classifications given in Corollary 3.3 reveal the similarity between
the families of proper biharmonic pseudo-Riemannian hypersurfaces of pseudo-
Riemannian space form and the classifications of proper biharmonic hypersur-
faces in Sn+1(1) obtained by Caddeo-Montaldo-Oniciuc in [1]. An important
application of this lies in the fact that the two special proper biharmonic pseudo-
Riemannian hypersurfaces classified in Corollary 3.3, as in the Riemannian cases,
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can help us to further study the constructions and classifications of proper bihar-
monic pseudo-Riemannian submanifolds in pseudo-Riemannian space forms.
Theorem 3.4. A minimal submanifold Mmr −→ Hns−1(a) × {b} with a2 + b2 =
1, a ∈ (0, 1) is a proper biharmonic submanifold of Hn+1s (1) if and only if a =
1/
√
2 and b = ±1/√2. In particular, any minimal submanifoldMm −→ Hn(1/√2)
of hyperbolic space gives rise to a proper biharmonic submanifold of Anti-de Sitter
space Hn+11 (1) via composition: M
m −→ Hn(1/√2) −→ Hn+11 (1).
Proof. Let {xi} be the rectangular coordinates and 〈, 〉 denote the pseudo-Euclidean
product of Rn+2s+1 = R
n+1
s × R11. It is easy to see that the tangent vector fields of
Hns−1(a)× {b} can be described as
{X = (X1, · · · , Xn+1, 0) ∈ Rn+2s+1 |
n+1∑
i=1
xiX i = 0}.
Let p = (x1, · · · , xn+1, b) and ξ = (x1, · · · , xn+1,−a2/b), then one can check that
〈ξ,X〉 = 0, 〈ξ, p〉 = 0, 〈ξ, ξ〉 = −a2 − a4/b2 < 0,
and hence η = 1
c
ξ (with c2 = a2 + a4/b2) is a time-like unit normal vector field of
Hns−1(a)× {b} in Hn+1s (1). Using Weingarten and Gauss equations we compute
∇Hn+1sX η = ∇⊥Xη − Aη(X)
=
1
c
∇Hn+1sX ξ =
1
c
{∇R
n+2
s+1
X ξ − 〈ξ,X〉 p}
=
1
c
∇R
n+2
s
(X1,··· ,Xn+1,0) (x
1, · · · , xn+1,−a2/b)(39)
=
1
c
X,
where the third equality was obtained by using the fact that the second fun-
damental form of Hn+1s (1) in R
n+2
s+1 is given by b(X, Y ) = −〈A˜p(X), Y 〉 p =
−〈−X, Y 〉 p = 〈X, Y 〉 p (cf. [5]).
It follows from (39) that ∇⊥Xη = 0 and Aη(X) = −1cX .
We introduce the notations φ : Mmr −→ Hns−1(a)×{b} and j : Hns−1(a)×{b} −→
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Hn+1s (1) for the isometric immersions of the submanifolds. Then, a straightfor-
ward computation gives the mean curvature vector H of Mmr in H
n+1
s (1) as
H(φ ◦ j) = H(φ) + 1
m
m∑
i=1
ǫib(Xi, Xi)(40)
= H(φ)− 〈 1
m
m∑
i=1
ǫib(Xi, Xi), η〉 η
= H(φ)− 1
m
m∑
i=1
ǫi〈Aη(Xi), Xi〉 η
= H(φ) +
1
cm
m∑
i=1
ǫi〈Xi, Xi〉 η = H(φ) + 1
c
η.
By the assumption that φ : Mmr −→ Hns−1(a) × {b} is minimal we conclude
that the mean curvature vector field of Mmr in H
n+1
s (1) is given by
(41) H(φ ◦ j) = 1
c
η.
It follows that AH(X) =
1
c
Aη(X) = − 1c2X for any X tangent toMmr and hence,
Mmr is a pseudo-umbilical non-minimal submanifold H
n+1
s (1) with constant mean
curvature vector field H = 1
c
η. Therefore, as in the proof of Theorem 3.1, the
second equation of (25) is satisfied. Substituting ∇⊥XH = 0 and AH(X) = − 1c2X
into the first equation of (25) we have
(42) 0 =
m∑
i=1
ǫiB(AH(ei), ei) +mH = − 1
c2
m∑
i=1
ǫiB(ei, ei) +mH = (1− 1
c2
)mH.
Solving the equation we have c2 = 1, i.e., a2 + a4/b2 = 1 which, together with
a2 + b2 = 1, gives a = 1/
√
2, b = ±1/√2. Thus, we obtain the theorem. 
A similar proof gives the following construction of proper biharmonic subman-
ifolds of pseudo-Riemannian spheres.
Theorem 3.5. A minimal submanifold Mmr −→ Sns (a)×{b} with a2+b2 = 1, a ∈
(0, 1) is a proper biharmonic submanifold of Sn+1s (1) if and only if a = 1/
√
2 and
b = ±1/√2. In particular, any minimal submanifold Mmr −→ Sn1 (1/
√
2) (r =
0, 1) of pseudo-Riemannian sphere gives rise to a proper biharmonic submanifold
of the de Sitter space Sn+11 (1) via composition: M
m
r −→ Sn1 (1/
√
2) −→ Sn+11 (1).
Also, a proof similar to that of Theorem 3.4 and to the proof of Theorem 3.11
in [4] in the Riemannian case gives
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Theorem 3.6. (i) Let φ : Mmr −→ Hpt−1( 1√2) and ϕ : N
q
l −→ Hn−ps−t ( 1√2) be mini-
mal submanifolds. Then, Φ : Mmr × N ql −→ Hn+1s (1) with Φ(x, y) = (φ(x), ϕ(y))
is a proper biharmonic submanifold of Hn+1s (1).
(ii) Let φ : Mmr −→ Spt ( 1√2) and ϕ : N
q
l −→ Sn−ps−t ( 1√2) be minimal submani-
folds. Then, Φ : Mmr × N ql −→ Sn+1s (1) with Φ(x, y) = (φ(x), ϕ(y)) is a proper
biharmonic submanifold of Sn+1s (1).
4. Biharmonic hypersurfaces of Riemannian space forms vs.
space-like biharmonic hypersurfaces of Lorentzian space forms
An n-dimensional Lorentzian manifold is a pseudo-Riemannian manifold of in-
dex (1, n−1) (or equivalently (n−1, 1)). This special type of pseudo-Riemannian
manifolds are of great importance to general relativity as spacetimes are modeled
as 4-dimensional Lorentzian manifolds. In particular, Lorentzian space forms Rn1 ,
Sn1 (C), H
n
1 (C) are well known to be called Minkowski, de Sitter, and Anti-de
Sitter space-times respectively. On the other hand, space-like submanifolds usu-
ally appear in the study of problems related to causality in the theory of general
relativity. Also, space-like hypersurfaces with constant mean curvature are conve-
nient as initial hypersurfaces for the Cauchy problem in arbitrary spacetime and
for studying the prolongation of gravitational radiation (See e.g., [3] for details).
Based on these, we take a closer look at the space-like biharmonic hypersurfaces
in Lorentzian space forms in this section. Some comparisons of biharmonic hy-
persurfaces of Riemannian space forms and space-like biharmonic hypersurfaces
of Lorentzian space forms are made.
Recall that a submanifold of a pseudo-Riemannian manifold is space-like if the
induced metric on the submanifold is a Riemannian metric. It is well known that
a hypersurface Mn −→ Nn+11 of a Lorentzian manifold is space-like if and only if
its unit normal vector field ξ satisfies 〈ξ, ξ〉 = −1.
Let ϕ : Mm −→ Nm+11 be an isometric immersion of a space-like hypersurface
into a Lorentzian manifold. We denote by A the shape operator of ϕ with respect
to ξ, a unit normal vector field to ϕ(M) ⊂ N , and by H = fξ the mean curvature
vector field of ϕ (f the mean curvature function). Then we have
Theorem 4.1. Let ϕ : Mm −→ Nm+11 be a space-like hypersurface in a Lorentzian
manifold with mean curvature vector field H = fξ. Then ϕ is biharmonic if and
only if
(43)
{
∆f + f |A|2 − fRicN(ξ, ξ) = 0,
A (grad f)− m
2
fgrad f − f (RicN (ξ))⊤ = 0,
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where Ric : TpM −→ TpM denotes the Ricci operator of the ambient space defined
by 〈Ric (Z),W 〉 = RicN(Z,W ).
Proof. This follows from Corollary 2.3 with ǫm+1 = −1 since 〈ξ, ξ〉 = −1 for a
space-like hypersurface. 
As a straightforward consequence, we have
Corollary 4.2. A space-like hypersurface in a Lorentzian Einstein space (Nm+11 , h)
is biharmonic if and only if its mean curvature function f is a solution of the fol-
lowing PDEs
(44)
{
∆f + f |A|2 + r
m+1
f = 0,
A( grad f)− m
2
fgrad f = 0,
In particular, a space-like hypersurface ϕ : (Mm, g) −→ (Nm+11 (C), h) in a
Lorentzian space of constant sectional curvature C is biharmonic if and only if
its mean curvature function f is a solution of the following PDEs
(45)
{
∆f + f |A|2 +mCf = 0,
A (grad f)− m
2
fgrad f = 0.
Proof. It is well known that if (Nm+1, h) is an Einstein manifold then Ric(Z,W ) =
r
m+1
h(Z,W ) for any Z,W ∈ TN and hence (Ric (ξ))⊤ = 0 and RicN(ξ, ξ) = r
m+1
.
When (Nm+1(C), h) is a space of constant sectional curvature C, then it is an
Einstein space with the scalar curvature r = m(m+1)C. From these the corollary
follows. 
Remark 3. We remark that a hypersurface ϕ : (Mm, g) −→ (Nm+1(C), h) in a
Riemannian space form of constant sectional curvature C is biharmonic if and
only if its mean curvature function f is a solution of the following PDEs, which
was obtained by different authors in several steps (see [15], [6] and [4])
(46)
{
∆f − f |A|2 +mCf = 0,
A (grad f) + m
2
fgrad f = 0.
So, the biharmonic equation for space-like hypersurfaces in Lorentzian space
forms differs from the biharmonic equation for hypersurfaces in Riemannian space
forms by a minus sign in the second term of each equation in the system.
Using Corollary 3.3 we have the following classification of space-like biharmonic
hypersurfaces with at most two distinct principal curvatures.
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Corollary 4.3. (I) A space-like biharmonic hypersurface in a Lorentzian space
form Sn+11 (1) or R
n+1
1 with at most two distinct principal curvatures is maximal,
i.e., H = 0;
( II ) A space-like biharmonic hypersurface in a Lorentzian space form Hn+11 (1)
with at most two distinct principal curvatures is either a part of either Hn( 1√
2
)
or a part of Hp( 1√
2
)×Hq( 1√
2
) with p+ q = n, p 6= q.
Remark 4. Based on what we know so far, the set of proper biharmonic hyper-
surfaces in the Riemannian space form Sm(1) (respectively, in Rm and Hm(1))
and the set of space-like proper biharmonic hypersurfaces in the Lorentzian space
form Hm1 (1) (respectively, in R
m
1 and S
m
1 (1)) have the same “picture”. It would
be interesting to know if the systems{
∆f − f |A|2 +mf = 0,
A (grad f) + m
2
fgrad f = 0,
and
{
∆f + f |A|2 −mf = 0,
A (grad f)− m
2
fgrad f = 0
(47)
have the same solution set. Similarly, one would like to know if the systems{
∆f − f |A|2 = 0,
A (grad f) + m
2
fgrad f = 0,
and
{
∆f + f |A|2 = 0,
A (grad f)− m
2
fgrad f = 0
(48)
have the same solution set.
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